Abstract-A distributed proportional-integral multilayer strategy is proposed, to achieve consensus in networks of heterogeneous first-order linear systems. The closed-loop network can be seen as an instance of so-called multiplex networks currently studied in network science. The strategy is able to guarantee consensus, even in the presence of constant disturbances and heterogeneous node dynamics. Contrary to previous approaches in the literature, the proportional and integral actions are deployed here on two different layers across the network, each with its own topology. Explicit expressions for the consensus values are obtained together with sufficient conditions guaranteeing convergence. The effectiveness of the theoretical results are illustrated via numerical simulations using a power network example.
Multiplex networks (a specific type of multilayer network) have been recently proposed as an effective abstraction to describe many natural and man-made networks, where multiple types of interconnections are present [13] . In this paper we introduce the concept of multilayer/multiplex control networks to model the concomitant action of different control layers, each with its own topology. We focus on a PI multiplex strategy, finding conditions for tuning the gains of the distributed control actions in order to guarantee convergence that depend on the node dynamics, and the structural properties of the control layers.
The main advantage of the proposed multiplex strategy is that it can substantially reduce the control complexity, since the number of links required in each layer can be properly chosen according to the application of interest and the required physical constraints. For example, in the problem studied in this paper, a minimal spanning tree structure can be chosen for the integral layer, minimizing the number of required integral actions across the network. In a real-world network this might allow to deploy the distributed control actions only on some of the links, for example those that are more easily accessible.
The use of distributed integral actions for solving consensus problems in multi-agent systems has been discussed in a number of previous papers in the literature, due to its potential application to synchronization and frequency control in power grids, see for example [14] , [15] and references therein.
Relevant previous work includes [16] , [17] , [18] , [19] and the approach based on the internal model principle in [20] , [9] , [21] . We wish to emphasize that, in contrast to existing results, in this paper we propose a different approach where, uniquely, the control layers can have different structures and the network agents can be heterogeneous and also affected by constant disturbances (or affine terms).
II. NOTATION AND MATHEMATICAL PRELIMINARIES
We denote by I N the identity matrix of dimension N × N ; by 0 M ×N a matrix of zeros of dimension M ×N , and by 1 N a N ×1 vector with unitary elements. A diagonal matrix, say D, with diagonal elements
The Frobenius norm is denoted by · while the spectral norm by |||·|||. λ N (.) denotes the N -th eigenvalue of a matrix.
A. Graph Theory
An undirected graph G is a pair defined by G = (N , E) where N = {1, 2, · · · , N } is a discrete set with N components representing the index of a node (vertex), E ⊂ N × N is the edge set containing P edges between nodes. Furthermore, we assume each edge has an associated weight denoted by
Definition II.1. [22] We say that an N × N matrix S = [S ij ], ∀i, j ∈ N belongs to the set W if it verifies the following properties:
2) its eigenvalues in ascending order are such that λ 1 (S) = 0 while all the others, λ k (S), k ∈ {2, · · · , N }, are real and positive.
The set of matrices W defined above are in fact a special instance of M -matrices as defined in [23] . Note that the Laplacian matrix L belongs to the set W if its associated graph G is connected [1] . Next, we present a decomposition of the Laplacian matrix that as suggested in [12] , is particularly useful to prove convergence in the presence of heterogeneous nodes. 
with
being blocks of appropriate dimensions, and
Moreover, the blocks in R and R −1 must fulfill the following conditions
be two Laplacian matrices belonging to the set W, where R and Q are block matrices as in (2) and Λ k , k ∈ {1, 2} are diagonal matrices containing the eigenvalues of L 1 and L 2 respectively. Then,
In general a network represented by a graph G can be seen as a collection of nodes interconnected by a set of edges. Recently the concept of a multiplex network was introduced to represent networks whose nodes can be interconnected by different type of links (see [25] , [13] for further details). A multiplex network is associated to a multigraph as defined below and is characterised by multiple layers.
Definition II.2. A multigraph, is the set of M graphs
M := {G 1 , · · · , G M } called layers of M ,
where all the graphs in M share the same set of nodes, that is
G k = (N , E k ), for k ∈ {1, · · · , M }.
III. MULTIPLEX PI CONTROL
We consider the problem of achieving consensus in a group of N agents (Multi-agent system), governed by heterogeneous first-order linear dynamics of the forṁ
where x i (t) ∈ R represents the state of the i-th agent, ρ i ∈ R is the agent pole, δ i ∈ R is some constant disturbance (or constant external input) acting on each node, and u i (t) ∈ R is the distributed control input. Note that, assuming a null control input, the dynamics of the i-th node can be unstable (ρ i > 0) or stable (ρ i < 0) with −δ i /ρ i as equilibrium point. Moreover, δ i can be used to represent different quantities in applications; such as, constant power injections in power grids [6] or a source of noise in minimal models of natural flocks of birds [26] .
The problem is to find bounded and distributed control inputs u i (t), such that all states x i (t) converge asymptotically towards each other.
Definition III.1. (Admissible consensus) [12] : The multiagent system (13) is said to achieve admissible consensus if for any set of initial conditions
To solve the problem of achieving admissible consensus in a network of heterogeneous linear agents with disturbances, we propose the use of a multiplex PI-strategy, obtained by setting:
where the constant weights α ij , β ij ∈ R + are local control gains of the distributed proportional and integral contributions respectively. We consider undirected links, that is α ij = α ji and β ij = β ji , and exclude the existence of selfloops so that α ii = β ii = 0. The constants σ P , σ I ∈ R + are additional parameters modulating globally the contribution of each control layer with respect to each other.
Equation (14) effectively defines two control layers each represented by a different weighted graph G P := (N , E P ) for the proportional layer and G I := (N , E I ) for the integral layer, where E P is the set of edges with associated weights α ij , while E I with associated weights β ij . We denote the Laplacian matrices corresponding to each of these layers by
As depicted in Fig. 1 , the resulting control strategy is therefore a multiplex distributed control strategy, and the closed-loop network a multiplex network associated to the multigraph M = {G P , G I }. Next, we define
T be the stack vector of all node states and
be the stack vector of all integral states. We can recast the overall dynamics of the closed-loop network as
Then, the problem becomes that of finding conditions on the gains σ P , σ I , the node dynamics P and the control Laplacians L P and L I , so as to guarantee admissible consensus.
IV. STABILITY ANALYSIS
Firstly we prove that the collective dynamics of the closed-loop network has a unique equilibrium which is a solution of the admissible consensus problem.
Proposition IV.1. Network (18) has a unique equilibrium given by x * := x ∞ 1 N , and z * := −(x ∞ P1 N + ∆) where
Proof: From Definition II.1, we know that L P 1 N = L I 1 N = 0 N ×1 . Thus, setting the left-hand side of (18) to zero one has that x * = a1 N , ∀a ∈ R and z * = − (aP1 + ∆). By definition (17), we also have that 
Now, shifting the origin via the further state transformation y(t) := z(t) + ∆ one has
A. Error Dynamics
Assuming that the graphs in all layers of M are connected, using Lemma II.1 we can write L P = RΛ P R −1 and L I = QΛ I Q −1 . Next we define the error dynamics given by the state transformation x ⊥ (t) = R −1 x(t); therefore, using the block representation of R −1 and lettinḡ
Note that by adding and subtracting the term R 22 x 1 (t)1 N −1 to (20b) and using property (4) one has
Hence,x ⊥ (t) = 0 if and only ifx(t) − x 1 (t)1 N −1 = 0 since R 22 is full rank [12] . Then, admissible consensus is achieved if lim t→∞x ⊥ (t) = 0 and y(t) < +∞, ∀t > 0. [This also implies that, when consensus is achieved all nodes must converge to x 1 (t).] Now, recasting (19) in the new coordinates x ⊥ (t) and y ⊥ (t) = R −1 y(t), we geṫ
Note that the equation for y ⊥ 1 (t) can be neglected as it has trivial dynamics with null initial conditions and represents an uncontrollable and unobservable state. Moreover, it is important to note that matrix Ξ was obtained using Lemma II.2 for R −1 L I R. Besides, Ψ is a block matrix defined as
withP := diag {ρ 2 , · · · , ρ N }. Now using properties (4)- (7) we can write [12] 
B. Main Result
Theorem IV.1. A group of N heterogeneous agents (13) controlled by the distributed multiplex PI strategy (14) , achieves admissible consensus for any connected integral network G (L I ) and σ I > 0 e.g. a minimal spanning tree, if the following conditions hold
moreover, all node states converge to the equilibrium (x * , z * ) defined in Proposition IV.1.
Proof: Consider the Lyapunov candidate function (in what follows we remove the time dependence of the state variables and the symbol ⊥ to simplify the notation)
From Lemma II.2 we know that ΞΛ I Ξ T is an eigendecomposition of a symmetric matrix with positive eigenvalues, which are the diagonal entries ofΛ I ; therefore, its inverse exist and it is also a positive definite matrix. Consequently, (30) is a positive definite function and differentiating it along the trajectories of (22) one haṡ (25) and (26) we have that
Following the same algebraic steps reported in [24] we find thatV
where ε is an arbitrary positive scalar. Next, using property (9) we have thatV is negative definite if ξ 1 := ψ 11 + 1/ερ Tρ < 0 and ξ 2 := max
From the assumption, we have that ψ 11 < 0, therefore ξ 1 < 0 is ensured if ε >ρ Tρ /|ψ 11 |. Also, ξ 2 < 0 if condition (29b) is fulfilled. Therefore, all agents in (13) achieve admissible consensus to the equilibrium (x * , z * ) defined in Proposition IV.1.
C. Example
We consider a possible application of the convergence analysis of the distributed multiplex PI strategy introduced in this paper to a simplified network inspired from the model of a power system studied in [27] (for further information regarding control of power networks, we also encourage the reader to look up [14] , [28] and references therein.) Specifically, we consider the problem of studying convergence in a network of N buses (nodes) with identical inertia constants, linearized around the synchronization manifold ω 1 (t) = · · · = ω N (t), given by [27] :
where ω i (t) represent the frequency state of each bus, p * i is the power load at bus i, v i (t) is the mechanical input, d i is the damping coefficient and m is the inverse of the inertia parameter. Furthermore, E i > 0 is the nodal voltage, Y ij is the admittance among buses i and j, and p i (t) represents the active electrical power exchanged with the other buses.
Note that the power network (33) embeds already an integral control layer which encodes the phase angles of each generator; hence, consensus is expected on a value which is dependent on the network parameters. However, in practice changing the parameter values of a power network is not a suitable control solution. Therefore, to drive the network onto a desired common state, such reference is typically injected on all [27] or some [29] of the nodes through an additional integral action. Here, we propose the use of the distributed control protocol given by
with k i ∈ R being the local feedback gains, σ P a positive constant gain, and L P ∈ W represents the Laplacian matrix of a certain graph G P in the proportional control layer with link weights α ij . Here, we use local-feedback controllers on a fraction of nodes together with a distributed proportional action to manipulate and stabilize the desired consensus value. From a practical viewpoint, the control strategy enhances the coupling between some of the agents in the open-loop network via the distributed proportional control action. This could be implemented; for example, via appropriate digital devices feeding the control action to the nodes [29] . Now, to prove convergence, let β ij := E i E j |Y ij | be the weight on each edge of the power network and L I ∈ W the associated Laplacian matrix describing the equivalent distributed integral action (33b). Setting z(t) = −mp i (t), the problem becomes that of proving consensus in the heterogeneous network given bẏ
where ω(t) := [ω 1 (t), · · · , ω N (t)], and z(t) := [z 1 (t), · · · , z N (t)] are the stack vectors of frequency and rescaled electrical power respectively. Besides,
T , and
System (35) has the same structure as (18) with, σ I = 1. Thus for suitable control parameters we have from Proposition IV.1 that (35) reaches consensus to
It is important to highlight that the consensus value can be controlled varying the control gains k i . As an illustration and without loss of generality, consider the network of six buses shown in Fig.  2 We add local feedback actions only to nodes {1, 5, 6} (denoted by self-loops in red in Fig. 2(a) ), while all the other k i are set to zero. Then, Theorem IV.1 can be used to tune the control gains and guarantee convergence. Specifically, we find that ψ 11 = −3.06 so that condition (29a) is fulfilled. Moreover,ρ Tρ = 139.8136, and
then, according to Theorem IV.1, consensus is guaranteed if σ P λ 2 (L P ) > 7.8151. In the case under investigation, we consider the network control layer of proportional links shown in Fig. 2(b) where λ 2 (L P ) = 3.3470; therefore, convergence is ensured if σ P > 2.3350. The resulting evolution of the node states and electrical power for σ P = 2.34 is shown in Fig. 2(c) , where admissible consensus is reached as expected to the predicted value x ∞ = 50Hz.
Note that the structure and gains of the control layer can be changed in order to vary ad hoc the threshold value of the global gain σ P above which consensus is attained. Indeed by changing λ 2 (L P ) we can vary the threshold value of σ P . It is worth mentioning that, the number of distributed proportional actions used here is relatively smaller than that required by other approaches. In particular, we just require G (L P ) to be connected while in [12] , a proportional and integral action must be added for every existing link in the network. 
V. CONCLUSIONS AND FUTURE WORK
We have proposed a novel control approach for controlling networks of heterogeneous nodes in the presence of constant disturbances. In particular, we proposed the use of network control layers deploying different actions across a network, implementing a distributed proportional and integral multiplex strategy. We proved convergence of the strategy and derived conditions to select the control gains as a function of the open loop and control network structures and the node dynamics. We showed the effectiveness of the proposed strategy via numerical simulations on a representative example.
Several open problems are left for further study. For example, the case when the nodes are described by nonlinear dynamics should be studied more in detail, since preliminary results show that the addition of the distributed integral/derivative action enhance synchronization [30] . Moreover, a more detailed investigation of the effect of varying the structure of the control layers together with a full proof of convergence for the case where the nodes are heterogeneous higher-order linear systems can be found in [24] .
